A method for computing the dynamic responses due to the interaction of two non-selfadjoint systems: a linear, one-dimensional (1D) continuum and a linear, multi-degree-offreedom (MDOF) oscillator travelling over the continuum, is presented. The solution method is applicable to a broad class of 1D continua, whose dynamics may be governed by various linear operators and subjected to different boundary conditions. The problem is reduced to the integration of a system of linear differential equations with time dependent coefficients. These coefficients are found to depend on eigenvalues as well as eigenfunctions and eigenvectors of the continuum and the oscillator. Two examples are included, representing bridge and railway track vibrations, to demonstrate the application of the method and discuss its convergence.
INTRODUCTION
The dynamic response of flexible structures due to moving loads is an important issue in engineering. The problem is relevant in vehicle dynamics, studies of band and circular saw blades, machine chain and belt drives, computer hard drives and many other applications.
Among civil engineering applications are analyses of dynamic response of railway, roadway and pedestrian bridges due to traffic loads, and studies of roadway pavements, railroad tracks, airport runways, cable railways, floors etc. A large amount of analytical research has been devoted to the topic, e.g., [1] - [9] . In early studies, vehicle loads were represented as moving constant or time-varying forces, a moving mass, or a moving sprung mass. Later, more sophisticated multi-degree-of-freedom (MDOF) models were proposed, and the various linear as well as non-linear stiffness and damping characteristics of vehicles were considered. The development of fast computers also facilitated a much more detailed modelling of bridges and other structures through the use of Finite Element Method (FEM). From the point of view of computational effort, the modal based techniques are especially attractive. In the modal analysis process, one can naturally truncate the number of modes and thus prevent excessive computational burden, whereas FEM based modelling may lead to a large computational load, especially when two or three-dimensional structural models need to be analyzed. Such methods are also useful as a tool for checking and evaluating FEM solutions. However, most of the studies using the modal approach have developed ad hoc solutions valid only for particular types of structural and vehicle models considered. Little analytical work is available on the development of a general modal expansion technique capable of resolving the interaction problem for a broader class of models.
Pesterev and Bergman [10] considered the problem of the vibrations of a general category of linear, conservative, one-dimensional (1D) continua carrying a moving, linear, conservative, one-degree-of-freedom (1DOF) oscillator. They established the solution of the interaction problem in the form of a series in terms of the eigenfunctions of the isolated continuum. The time dependent factors of the expansion were demonstrated to obey a system of linear differential equations with time dependent coefficients. These coefficients turned out to depend on natural frequencies and eigenfunctions of the isolated continuum, mass of the oscillator, and stiffness of the interaction spring. This method can be used to examine any 1D linear conservative continuum, regardless of the governing equation of motion or boundary conditions. Later, the authors expanded their method ( [11] ), which enabled the investigation of the interaction problem for non-conservative, non-self-adjoint continua as well. However, these derivations were limited to the conservative vehicle-structure interaction forces and 1DOF vehicle model, making the obtained method only of limited usefulness in practical application to design and analysis. Omenzetter and Fujino ( [12] ) extended the work of Pesterev and Bergman and obtained solutions for a moving MDOF oscillator, where both the continuum and the oscillator were assumed to be self-adjoint, classically damped systems.
Their solution employed modal decomposition for both the continuum and the oscillator, which was a unique approach compared to the existing previous studies.
The novel contribution of the present study is the consideration of a non-self-adjoint continuum and a non-self-adjoint MDOF vehicle model, interacting with the continuum at several contact points through linear elastic and viscous forces. The solution of the structurevehicle interaction problem is obtained in terms of a modal expansion using eigenfunctions and eigenvectors of the isolated continuum and oscillator, respectively. The primary challenge was that for non-self-adjoint operators the direct and adjoint eigenvalue problems yield different sets of eigenfunctions or eigenvectors and these are furthermore complex valued.
The problem of computing the time dependent terms of the modal expansion is reduced to the 5 integration of a system of linear differential equations with time dependent real coefficients.
The coefficients of these equations are derived in terms of the complex eigenvalues as well as eigenfunctions and eigenvectors of the isolated continuum and the MDOF oscillator, and stiffness and damping of the interaction elements. The obtained analytical method is applied to two numerical examples, i.e., bridge and railway track vibrations, which demonstrate its use and study convergence.
THEORY

Problem Formulation
In a study of the vehicle-structure interaction, two equations of motion can be written for the isolated continuum and the isolated moving oscillator, respectively. These equations are coupled due to the presence of interaction forces at the contact points. A 1D continuous system and a MDOF oscillator moving over it are shown Fig. 1 . The part of the system that is, for illustrative purposes, confined within dashed boundaries and consists of those masses, springs and dashpots that are not in a direct contact with the continuum is referred to as the vehicle model or oscillator. Those springs and dashpots that are in a direct contact with the continuum are referred to as the interaction elements. The locations on the continuum are described by variable x , and the continuum occupies the interval To emphasize this, the more traditional notational convention of using bold characters for matrices and vectors has been dispensed with.) The derivation of a continuum-vehicle interaction governing equation of motion was described in detail in [12] ; in this paper, a shortened form of problem formulation is given. The equation of motion can be succinctly expressed in the following form ( [12] ):
where the symbols introduced in Eq. (1) are as follows:
The asterisk denotes an adjoint operator, and superscript "T " a transposition of a vector or matrix. Operators c Â and v Â govern the motion of the isolated continuum and oscillator, respectively, and can be written as follows: Vector P describes the inputs to the coupled system due to the initial conditions and can be found as
Eigenvalue Problems
This study attempts to establish a solution for the interaction problem in the form of a modal expansion using eigenvalues as well as eigenfunctions of the continuum and eigenvectors of the oscillator. Therefore, to lay the ground for subsequent derivations in this section the eigenvalue problems are formulated and the properties of the eigenfunctions and eigenvectors important for this study are discussed.
The direct and adjoint eigenvalue problems associated with the equation of motion of 
Likewise, the direct and adjoint eigenvalue problems associated with the equation of motion of the isolated vehicle are:
Among the eigenvalues which satisfy Eq. (10) ; whereas the eigenvectors of the rigid body modes are all real. The eigenvector normalization condition takes the following forms:
for the vibratory modes, and
for the rigid body modes, respectively.
Solution by Reduction to Ordinary Differential Equations
The solution of the interaction problem [Eq. (1)] is given by the following formula:
The inverse operator appearing in Eq. (12) can be found as ( [15] ):
where the characteristic operator, ˆ, is given as
The inverse of operator Â describing the vibrations of the isolated subsystems is: ,
Introduce the notation for the following modal quantities: the modal external forces
the modal initial displacements and velocities 
and the modal inputs due to the initial conditions 
New variables, or modal coordinates, are defined as , , ,
Differentiating Eqs. (22a, b) with respect to t once and Eq. (22c) twice, one obtains the following first or second order differential equations, respectively, satisfied by the modal coordinates:
Expanding Eq. (20) and using the modal coordinates yields the formula for the interaction forces:
, , , 
Thus, the final set of equations for the modal coordinates is as follows:
and the initial conditions are given by Eq. (25).
Expanding Eq. (12) and substituting into it Eq. (22), the solution for the interaction problem, i.e., the response of the continuum and vehicle, can be found as:
Equations (26) and (27) represent an exact solution of the problem of the interaction of a nonself-adjoint, MDOF oscillator moving over a non-self-adjoint, 1D continuum, and interacting with it through linear elastic and viscous forces. For practical applications, the number of equations in Eq. (26a) must always be truncated, and the problem is reduced to solving a finite-dimensional set of differential equations.
Real Form for the Solution
Equations (26) governing the modal coordinates have complex valued coefficients. In order to avoid complex arithmetic, a real form of the solution is desirable. The notation used in this section is such that superscripts "R" and "I" denote the real and imaginary part of the superscripted complex quantity, respectively. The real form of Eq. (26) is , ,
,
, ,
The interaction forces y t are given in terms of the real and imaginary parts of the modal coordinates as , ,
while the initial conditions are as follows:
and external modal forces as follows:
The solution for the interaction problem can now be written as follows:
, 
, , 
where i denotes the imaginary unit. Differentiating Eq. (28a) and substituting into it Eq. (28b), and performing the same procedure for Eqs. (28c) and (28d) yields second order differential equations for the real parts of modal coordinates (note that superscript "R" was dropped for brevity): 
with interaction forces:
external modal forces: 
and k represent undamped natural frequencies and damping ratios, respectively, and can be defined for the continuum and the vehicle as follows:
0
The solution for the interaction problem in the case of proportionally damped systems can be found as
The results for the proportionally damped systems described in this section have been obtained previously by Omenzetter and Fujino ( [12] ) under more restricting assumptions.
Here they are presented as a special case of the general interaction problem considered.
NUMERICAL EXAMPLES
In order to explain the application of the introduced mathematical concepts and study selected numerical aspects of the proposed method, such as convergence, two detailed numerical examples are provided.
Example 1
The purpose of this example is twofold: i) to offer a "guided tour" explaining the application of the theory to a particular system with the various operators explicitly shown for the system at hand, and ii) to obtain insights about the rate of numerical convergence for simple systems such as Euler-Bernoulli beams with uniformly distributed parameters. 
The external forces acting on the beam are ignored and the beam is assumed to be at rest before the oscillator arrival.
The vehicle and interaction models are depicted in Fig. 2 . The masses are 
The above mass, damping and stiffness matrices describe, in a general case as well as for the particular selection of mechanical parameter values considered here, a non-proportionally damped system. the initial velocities are assumed to be zero.
The stiffness and damping matrices that describe the interaction forces are as follows: 3 4 diag , cv K k k and 3 4 diag , cv C c c , whereas matrix T is as follows:
Assuming that the velocity of the vehicle, v , is constant and that the zero time corresponds to the instant when the front axle enters the beam, the vector of contact point location is given as 
The integration of equations of motion was carried out using a Runge-Kutta method ( [18] ).
For practical applications, the number of modes of the continuum taken into account must be finite and will be denoted by compared to the approximation using two modes, and all maximum vehicle displacements by less than 1.0%.
Example 2
The second example is concerned with a more complex continuum and a situation where both the oscillator and the continuum are non-proportionally damped systems with complex modes. The discussion focuses on the estimation of continuum complex eigenfunctions and the rate of convergence of the solution to the dynamic interaction problem.
The vehicle model is the same as considered in Example 1 and all other parameters and approaches are to be assumed unaltered unless indicated otherwise.
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The continuum is an Euler-Bernoulli beam on a Winkler-type viscoelastic foundation shown in Fig. 5 . Similar models are often employed to study response of railway tracks to moving trains ( [19, 20] ). Numerical values were adopted from their respective typical ranges discussed in [20] . The beam is assumed to be simply supported, its length is 20 m L , bending stiffness is 
i.e., the segment of length 2a located centrally in the middle of the beam has a larger stiffness 
It can easily be verified that the proportional damping conditions of [14] , also quoted in Section 2.5 of this paper, do not hold, and consequently the continuum mode shapes are complex. The Galerkin method was employed to approximate the complex modes of the continuum. The theory and procedural steps of the method are presented in, e.g., [17] and herein only a brief explanation and relevant details are included. The continuum eigenfunctions were resolved using the eigenfunctions of an undamped, uniform, simply supported Euler-Bernoulli beam as comparison functions:
where G N is the number of comparison functions used in the Galerkin approximation, and 
The entries of matrices 
where the Kronecker delta ks equals 1 only when k s , and 0 otherwise. can be seen from Table 1 that damping ratios are of the order of 8-12% for the lowest five modes, and for higher modes gradually decrease to about 3% for the tenth mode. Figures 6 and 7 show, respectively, the real and imaginary parts of the first three right mode shapes.
Note that for easier comparison the modes have been scaled such that the largest value of real part is one. It is interesting to notice that increasing the length of the stiffer foundation part between Case 1 and 2 leads to a switch of mode order and the lowest antisymmetric mode becomes the lowest mode overall. The first symmetric mode shape appears to be particularly strongly affected by the non-uniform stiffness distribution. For a uniform foundation stiffness distribution, this mode would have a half-sine shape but for all considered cases it is now Mshaped. Comparing the magnitudes of the real and imaginary parts it can be seen that the latter never exceed 10% of the former. A general trend of some small increase in the magnitudes of the imaginary parts can also be observed as one moves from Case 1 through to Case 3. Tables 2 and 3 show large variations with the number of modes. Using five modes, predicts that those displacements will be both negative and positive, whereas using more modes show them to be only negative. However, those displacements are not the extreme values and so this slower convergence is more tolerable from the point of view of practical applications. 
CONCLUSIONS
A method for computing the response of a 1D elastic continuum induced by a MDOF oscillator travelling over it has been proposed. The continuum and the oscillator are both nonself-adjoint systems and the interaction between them is through linear elastic and viscous
forces. An exact solution has been obtained in the form of a series using eigenfunctions and eigenvectors of the isolated continuum and oscillator, respectively. It is noted that when exact eigenvalues and eigenfunctions of the continuum are not available their approximations can be used. The time dependent terms of the series are solutions of a system of linear differential equations with time dependent coefficients. The coefficients of these equations depend on eigenvalues as well as eigenfunctions and eigenvectors of the isolated continuum and the oscillator, and stiffness and damping of the interaction elements. The method has been applied to two numerical examples which demonstrate its use and study convergence. 
